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Abstract. We find that there is a shin in the Miissbauer spectra which is proportional to the 
susceptibility of the system. The shift is calculated using the BCS value of the susceptibility. 
The predicted shift is compared with the experimental mekurements of the Mossbauer line shift 
of 57Fe in YBa~(Cs,,ssFetu,z)40* m d  found to be in reasonable agreement for 2 A l b  Tc 2 3.6 
which is an ndjustable parameter. This value of the ratio of the gap to the transition temperature 
is in rrasanable agreement with the value of 3.52 predicfed by the BCS k o r y .  

In this paper, we report that there is a shift in the Mossbauer spectra which is proportional 
to the susceptibility. We calculate the susceptibility of a BCS superconductor which we 
use to predict the Mossbauer line shift in the superconducting state below the transition 
temperature. The calculated value of the shift is compared with the experimentally measured 
shift of the Mossbauer spectrum of 57Fe in YBa2(Cua9*Feo.o2)40*. This comparison gives a 
value of 2A/kBTc Y 3.6 which is in reasonable agreement with the value of 3.52 predicted 
from the BCS theory. As the temperature dependence of the isomer shift (IS) is similar to 
that of the susceptibility it determines the transition temperature of the superconductor. 

In velocity units the IS of the Mossbauer line is given by 

& E  = $nZeZR21$h(0)12c/E, (1) 

where c is the velocity of light and E ,  is the energy of the y-rays. The factor c / E y  converts 
the energy units into velocity units. R is the radius of the nucleus and p(0) is the electronic 
wavefunction evaluated at the site of the nucleus. 

If we apply an external magnetic field H, then the magnetic field inside the sample due 
to induction Bin is given by 

where M/V is the magnetization per unit volume. 
x = M /  V H in dimensionless units so that 

We define the susceptibility as 

(3 ) 
Bi" - = 4lIx + 1. H 

In the case of superconductors, Bin = 0, which is called the Meissner effect so that 

(4) 
1 

411 
x = -- = -0.0795. 
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As the temperature approaches zero, the susceptibility of a superconductor approaches the 
value of -0.0795. By~analogy with the paramagnetic shift [I] we use the susceptibility 
)(ai3 instead of lq(0)12 to predict a new shift which is about 

(5) 

at zero temperature. and vanishes at the transition temperature. Since the calculation of 
I@(0)Jz with spin-orbit interaction in a magnetic superconductor is not available, we observe 
that the temperature dependence of x(T) is the same as that of the IS. The advantage of 
using the diamagnetic susceptibility over the atomic susceptibility is that the superconducting 
state is a coherent state which is represented by the susceptibility slightly better than 
by the single-atom property I$(O)l*, even in high-temperature superconductors where the 
coherence length is only tens of Angsfxoms. Thus the effect of the entire lattice is taken 
into account to describe the line shift. The estimate of the shift is affected by the difference 
between the susceptibilities of the absorber and the emitter. If one of these is kept at a 
constant temperature, then the susceptibility-dependent new shift can be detected by the 
temperature dependence of the susceptibility x(T). The susceptibility-dependent shift is 
then given by 

in energy units and 

2itZe2R2ca;'x(T) 
SE, = 

5-5, 
(7) 

in velocity units such that SE,/SE > 0.08. The shift (6) requires knowledge of the 
susceptibility. It is predicted that the measured line shift is linearly proportional to the 
measured susceptibility. It is also clear that the temperature dependence of the line shift is 
the same as that of the susceptibility. 

In figure 1 we show the Is of 57Fe in YBa2(Cuo.9sF~.02)40s relative to Pd as a function of 
susceptibility which is linear as predicted. For this purpose we have taken the experimental 
measurements from the work of Wu et a1 [Z]. In YBa2Cu4Os the Fe ions occupy four 
different sites and the data relate to only one of those sites, the square-pyramidal planar 
site. We have used the IS for the sample containing 2% Fe. Therefore, the susceptibility is 
also taken for the same sample. We have not used the susceptibility of the Fe-free samples. 
The s conduction electrons are scattered by the d electrons of the magnetic atoms, Fe in 
the present case, owing to the s-d exchange interaction, so that the susceptibility of F e  
containing samples is not the same as that of Fe-free samples. The bansition temperature 
of the sample with 2% Fe is 62 K while that of the Fe-free sample is about 80 K. The effect 
of Fe is to reduce the attractive interaction of scattering electrons by its magnetic moment. 
The predicted linearity between the IS and the susceptibility is thus well demonstrated. 

We need not use the experimental value of the susceptibility to prove (6). Instead of the 
experimental value, we can compute x (T) from the BCS theory and substitute the calculated 
value in (7) to find the IS. The susceptibility of a superconductor is given by the BCS [3] 
theory with summation to all orders as 



0.19 0.20 0.21 0 . 2 2  0.23 0.24 0.25 

15 (mm/s)  
Figure 1. A plot of Ihe susceptibility a B function of the 1s for YB~~(Cs,.unFeonz)408 which 
is found to be linear. The inset shows che susceptibility m a function of temperature showing 
superconducting behaviour. The experimental values of x ( T )  and 1s (T) are Wken from [Z]. 

where 0 is the effective strength of the interaction [4]. The irreducible susceptibility is 
given by ~ 

~ 

~ 

where the coherence factors are given by 

When we substitute A = 0 in the above, we find that $0 = 1, e- = 0 and c+ = 0 so that, 
for a vanishing gap (9) reduces to the value of the free paramagnetic electron gas. Here the 
energy of a particle is given by 

~ 

~ 

(11) 2 1/2 Ek = [EK +A,)  . 
Since the Is [Z] is spherically symmetric, we assume that the gap has s-wave symmetry, 
AK = A(T). 
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The uniform susceptibility is given by 

where f ( E p )  is the Fermi distribution function. We define A(T,) = 0 so that 2A(O)/ksT, 
becomes a parameter which can be numerically adjusted to fit the experimental data. The 
Fermi distribution is 

f (E,,) = [exp(Ep/ksT) + 11-I Y exp(-Er/ksT) IT 1 - E,,/keT 

but it is not necessiuy to expand the exponential. The single-particle energy is given by the 
tight-binding model for the band structure E,, = -2t (cos pz + cos p,) - /L corresponding 
to atoms in a plane [5] where f i  is the chemical potential. We fix the value of t such 
that 0 = 2t. We reduce the calculation of the temperature dependence of the shift to the 
dimensionless ratio 

We compare our expression of the shift of the Mossbauer line in terms of the susceptibility 
with the experimentally measured shift of the Mossbauer spectrum of 14.4 keV transition of 
s7Fe in the superconductors. The experimental measurements of the shift of the Mossbauer 
s p e c b m  of 57Fe in Bi4Sr~Ca~Cu~.92F~,ogO~ have been given by Lin and Lin [6]. At 
low temperatures, T c 50 K, there is a reduction in the shift as expected from the 
temperature dependence of the susceptibility. However, part of the shift which can be 
assigned to the effect of the susceptibility in  this material is quite small. Wu et al [2] 
have performed more detailed measurements of the Mossbauer line shift of "Fe in the 
superconducting YBaz(C~.98Feo.02)40g. We have plotted the centre shift from these data 
in figure 2. The value at Tc is called SE,(T,) = 0.24 i 0.01 mm s-' and at T = 0 is 
SE,(O) = 0.20 f 0.01 mm s-I.  Therefore, the change in the shift in going from T, to 
zero is about 0.04/0.24 N 16.6% which is of the same order of magnitude as expected 
in going from the normal to the superconducting state. For SE,(T,) = 0.24 mm s-] and 
ZA/ksTc = 3.6 we show the value calculated from (14) together with the measured data. 
The computed curve is in reasonable agreement with the measured data points considering 
that error bars %e of approximate magnitude kO.01 mm s-I. The experimental data thus 
correspond to 2A/kBT, = 3.6 with T, = 62 K. This value is in reasonable agreement with 
the value of 3.52 predicted from the BCS theory. The high-temperature T =- T, data show 
approximately linear behaviour represented by SE(T )r T,) = -2.198 x 1Od3T mm s-' 
which in view of large scatter in the data appears to be in reasonable agreement with the 
theory of Mossbauer line shifts in normal solids. We have calculated the shift for the s-wave 
symmetry of the gap: Ak = A(T) consistent with the spherical symmetry of the nuclear 
potential. Thus our calculation of the Is supports s-wave symmetry for the superconductivity 
in YBa2(Cuo.9gFeo.02)40g. Any non-s-electron contributions to the IS can be neglected. 

The curvature of the IS as a function of temperature, -d(rs)/dT, is positive in our theory 
which uses negative (diamagnetic) susceptibility. However, Wu et al [Z] drew a curve as 
a guide to the eye with a curvature of the opposite sign. Therefore, we made an effort to 
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Fiyre 2. Theoretically calculated Miissbauer line shin as a function of temperature for T < T, 
using (14) with ZA/ksT,  = 3.6 which shows that the temperature dependence ofthe shin agrees 
with that of the susceptibility of a superconductor. leading to B memuremen1 of 2A/ksT, .  At 
high temperatures. T > T,, the behaviour is as expected for normal solids. The experimental 
points a~ taken from the work of Wu el a1 [Z] who measured the M6ssbauer spectra of 57Fe 
in YB4(Cu,,~XFq,,m)aOn. Owing to the large scatter in the data the error bars are about 
0.01 mm s-l, as indicated on one of the points. The broken curve represent IS= &OD -a&. 

introduce one more parameter in our theory. We compared the experimental data with two 
terms, namely a term &OD due to the second-order Doppler effect and the other term a& 
due ‘to the susceptibility; Is = Sso0 - aS, with a = 0.75 which is also shown in figure 2. 
It may be noted that the error bars are of the order of iO.01 mm SKI in the measurements 
of the shifts [71. It is clear that there is no simple way of changing the curvature of the 
IS and it should be the same as that of the susceptibility. We expect a small correction 
due to the possible structural transition below Ts Y 30 K but this is not reflected by x(T) 
shown in figure 1; If there are any corrections due to the transition at Ts, they will be of no 
significance to the theory of the IS which remains correct in as far as the proportionality with 
the susceptibility is concerned. The disagi-eement between the theory and the experiment 
may be caused by the fact that in a real material the experimental value may not reach the 
theoretical value of -1/411 as the temperature approaches zero. 

The nuclear hyperfine levels relax by absorbing a phonon and emitting another phonon 
so that the difference between the energies of the emitted and the absorbed phonons is equal 
to the hyperfine energy A. In this case the relaxation rate is proportional to the product 
n j ( q  + 1) where nl and n2 are the phonon occupation numbers. Since these numbers 
are large at finite temperatures, nl(n2 + 1) 2: n:. Here nl  [exp(ZA/kBT) - I]-’  and 
n2 n. [exp[(ZA + A)//cBT] - I]-’. The relaxation rate at high temperatures is then given 
by 
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- K e x p ( - g j .  1 
r 

Wu er a1 have compared the measured linewidth of the Mossbauer transitions of Fe in 
yBa~(Cuo.~8Feo.0~)~08 with that expected for a thermally activated process linear in n, so 
that 

which agrees with the data for 2 A f k ~ T  N 3.6 in accord with the BCS theory. Wu et a1 
found that the mechanism changes at T, N 30 K below which the band gap parameter 
reduces to 0.6, which is not in agreement with the theoretical value of 3.52. The relaxation 
between hyperfine levels cannot occur owing to the direct process linear i nn ,  because the 
hyperfine energy, the single-phonon energy and 2A are never equal to each other, but the 
difference between the energies of the two phonons can be equal to the hyperfine energy. 
Therefore, (15) is much more probable than (16), the use of which affects the measured 
ratio of 2 A f k ~ T .  Thus the measured value may be taken to b,e 2 A f k ~ T  N 1.8 rather 
than 3.6 above T, and 0.3 below it. In the case of a coherent state, the linewidth is to be 
multiplied by the coherence length t and divided by the mean free path l so that [SI 

where the exponent of the coherence length is v N 0.69. The normal-state width is 1/rN 
and the superconducting-state linewidth is l/rs. At this time, careful measurements of the 
widths are needed to verify equation (17). 

The wavefunction [@(0)1’ is a single-atom property [9]. which was used earlier to 
determine the shift of the Mossbauer line. In the case of a solid the phonon effects become 
important [lo]. The line shift depends on the susceptibility in which case the wavevector 
dependence plays an important role, particularly near the transition temperature. In the 
case of a superconductor, coherence plays an important role. Therefore, the susceptibility 
‘has been introduced in place of the charge density determined by the single-electron 
wavefunction. In the case of the Mossbauer effect, the recoil is absorbed by the entire 
lattice. Therefore, the susceptibility of the entire lattice is more relevant than the single-atom 
charge density. We have reported that the width is related to the coherence length [8,11]. 
Later the same idea was published by Mehran and Anderson 1121 and by Chakravarty and 
Orbach [13]. The dependence of the Knight shift on the susceptibility has been discussed 
in detail by Millis ef al [14]. 

In conclusion, we find that the Mossbauer line shift in the superconducting state of 
YBaZ(Cuo.98Fq.o&08 is proportional to the susceptibility calculated from the Bcs theory. 
The temperature dependence of the relative IS a,mes with that of the susceptibility. The 
line shift is consistent with s-wave symmetry of the BCS gap. The high-temperature part of 
the shift is consistent with that known for normal solids. Thus the Mdssbauer line shift is 
useful for determining the 2 A  f kBT, ratio in superconductors. 

References 

[ l ]  Shrivastava K N 1970 J.  Pkys. C: SolidSrae Phyr. 3 538 



Mo'ssbauer IS and x ( T )  in Y B a ~ ( C u ~ . s x F e o . o ~ ) ~ O ~  I I157 

Wu Y ,  Pndhan Sand Boolchand P 1991 Phys. Rev. 67 3184 
Bardeen J. Cooper L and Schrieffer 1 R 1957 Pkyr. Rev. 108 I175 
Bulut N and Scalapino D 1 1992 Phyr. Rev. Lett. 68 706 
Kittel C 1976 Intmductum 10 Solid State Pkyrier 5th edn (New York: Wiley) p 263 
Lin C M and Lin S T 1993 1. Phys.: Condenr Mater 5 L247 
Boolchand P 1994 private communication 
Shrivastwa K N 1988 J.  Physique 49 C8 2239 
Shrivastava K N 1976 Phy.?. Rev. B 13 2782 
Shrivastava K N 1973 Phys. Rev. B 7 921; 1970 Phy,s. Rev. B 1 955 
Shrivastlva K N 1988 Solid Stute Commun. 68 1019 
Mehmn F and Anderson P W 1989 Solid Stlrte Gmmun. 71 29 
Choknv;u?. S and Orbxh R 1990 Phys. Rev. Letl. 64 224 
Millis A 1. Monien H m d  Pines D 1990 P h y .  Rev. Lett. B 42 167 


